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LIMIT ANALYSIS OF STABILITY
OF EMBANKMENTS
by
*W. F. Chen
and **
M. W. Giger
1. INTRODUCTION
The upper bound theorem of the generalized theory of perfect
plasticity has been previously applied to obtain the critical height
. 1
of an embankment [lJ. A rotational failure mechanism (logarithmic
spiral) passing through toe was assumed in the analysis [lJ. These
limit analysis results were found to be in good agreement with ex-
isting limit equilibrium solutions.
The possibility where the failure plane may pass below toe
as for small values of friction angle ~ and embankment slope angle
~ (Fig. 1) was not considered. This will be described in the pre-
sent Note. Here, as in Ref. 1, the soil is assumed to be a perfectly
plastic material which obeys the Coulomb yield criterion and its
associated flow rule [2J.
2. CRITICAL HEIGHT OF AN EMBANKMENT
The upper bound theorem of limit analysis states that the
embankment shown in Fig. 1 will collapse under its own weight if,
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Numbers in brackets designate references at end of Note.
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for any assumed failure mechanism, the rate of external work done by
the soil exceeds the rate of internal energy dissipation. Equating
external and internal energies for any such mechanism thus gives an
upper bound on the critical height.
The rate of external work done by the region ABC'CA can
. . .
easily be obtained by first finding the rates of work W , W , W ,
123
.
and W due to the soil weight in the regions OBC'O, OABO, OAC'O,
4
and ACC'A, respectively. The rate of external work for the region
ABC'CA is then obtained by the simple algebraic summation,
. . . .
W -W -W -W. It is found, after performing some algebraic mani-
1 234
pulations, that the total rate of external work due to the weight of
the soil in the region ABC'CA is
y 0 r 3
o
(f -f -f -f )
1 234
( 1)
where Y is the unit weight of the soil and 0 is the angular velocity
of the region ABC'CA. The functions f , f
1 2
and f remain identical
3
in their form as in the previous solution [lJ, and the function f
4
resulting from the region ACC' reads
f
4
2
(..!!..)
r
o
sin(e-e')
2 sin B sin B' (2)
L
- (-)
r
o
cos (1 - ; (:0) [cot B' + cot BJ }
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in which 90, 9h , and ~' are angular variables, specifying the assumed
mechanism completely. Other quantities used are: Height, H;
Length, OB = r
o
; Length, ,AB = L; and Length C'C = d (Fig. 1).
The internal dissipation of energy occurs along the dis-
continuity surface BC'. The total internal dissipation of energy
is identical to the expression given in [1J.
Equating externai rate of work, Eq. (1), with internal
rate of energy dissipation yields
(3)
where f(9h,90'~') is now defined as
sin~' {exp [ 2 (9h-90) tan ~ J - 1}
2 sin(~'-a) tan ~ (f -f -f -f )
1 234
(4)
The function f(9h,90'~') has a minimum and, thus, indicates a least
upper bound when 9h , eo' and ~' satisfy the conditions
of 0
oeh =
of
oe = 0
o
ofo~' = 0 (5)
with ~' ~ ~ (Fig. 1). The corresponding values for 9h , 90 , and ~'
satisfying Eq. (5) result in N = Min. f(9h ,9 ,~'). Thus, the cri-s 0
tical height becomes
-3-
H <.£.N (6)
c .... y s
and
d/H = sin(S-e') (7)
c sin e sine'
which is the ratio between the distance d and the critical height H
c
(Fig. 1).
3. NUMERICAL RESULTS
A complete-numerical solution to this problem has been ob-
tained by numerical methods, the numerical work being performed on
a CDC 6400 digital computer.
The results are tabulated numerically in Table 1. For the
case of .~ = 5° and a = 0° the corresponding critical values of eh ,
e , H/r , L/r , and d/H are plotted in Fig. 2. Figure 3 shows the
000
transition zone where the most critical failure plane starts to
pass below toe, when a = O. The results found are practically iden-
tical to those obtained by the ~-circle method [3J.
4. CONCLUSION
The agreement between limit analysis and limit equilibrium
results to the stability of an embankment should prove both interesting
and useful. It can be concluded, therefore, that the upper bound
theory of limit analysis may be applied to predict the critical height
of an embankment.
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6. NCMENCLATURE
c
f
1
f
:0
f
3
f
4
f
H,H
c
L,d
N
s
r ,r(e)
o
V(e)
o
cohesion
function defined in Eq. (4), see Ref. 1
function defined in Eq. (5), see Ref. 1
function defined in Eq. (6) , see Ref. 1
function defined in Eq. (2)
function defined in Eq. (4)
height, critical height of an embankment
lengths (Fig. 1)
stability factor
length variables of a logarithmic spiral cruve
discontinuous velocity across the failure plans (Fig. 1)
slope angles
unit weight
angular velocity
friction angle of soil
angular variables (Fig. 1)
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TABLE 1:
y
STABILITY FACTOR N = H -
sec
BY LIMIT ANALYSIS
R FRICTION SLOPE SLOPE ANGLE (3 IN DEGREESANGLE ANGLE0 50 45 40 35 25 20cp a 30 15W in degrees in degrees
1 0 0 5.52 5.53 5.53 5.53 5.53 5.53 5.53 5.53
2 5 0 6.92 7.35 7.84 8.41 9.13 10.02 11.46 14.38
3 5 5 6.76 7.18 7.64 8.19 8.83 9.65 10.99 13.71
TYPE OF FAIWRE THROUGH TOE BELOW TOE
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TABLE 2:
APPENDIX 1
STABILITY FACTOR N = H • Y
sec
BY LIMIT ANALYSIS
FRICTION SLOPE
ANGLE ANGLE SLOPE ANGLE f3 IN DEGREES
cp Ci 90 85 80 75 70 65
in degrees ,in degrees
0 0 3.83 4.08 4.33 " 4.56 4.80 5.03
5 0 4.19 4.50 4.82 5.14 5.47 5.81
5 4.14 4.44 4.74 5.05 5.37 5.69
10 0 4.58 4.97 5.37 5.80 6.25 6.73
5 4.53 4.91 5.30 5.71 6.15 6.63
10 4.47 4.83 5.21 5.61 6.03 6.48
15 0 5.02 5.50 6.91 6.57 7.18 7.85
5 4.97 5.44 5.94 6.49 7.08 7.75
10 4.91 5.36 5.85 6.38 6.97 7.63
15 4.83 5.27 5.74 ' 6.26 6.82 7.46
20 0 5.50 6.10 6.75 7.48 8.30 9.25
5 5.46 6.04 6.68 7.40 8.21 9.16
10 5.40 5.97 6.60 7.30 8.10 9.04
15 5.33 5.88 6.50 7.18 7.97 8.89
20 5.24 5.77 6.37 7.03 7.79 8.68
25 0 6.06 6.79 7.62 8.58 9.70 11.05
5 6.01 6.73 7.56 8.50 9.61 10.96
10 5.95 6.67 7.48 8.41 9.51 10.84
15 5.89 6.58 7.38 8.30 9.38 10.70
20 5.80 6.48 7.26 8.16 9.22 10.51
25 5.70 6.35 7.10 7.97 9.00 10.26
30 0 6.69 7.61 8.67 '9.94 11.48 13.44
5 6.64 7.55 8.61 9.86 11.40 13.35
10 6.59 7.48 8.53 9.77 11.30 13.24
15 6.52 7.40 8.44 9.67 11.18 13.10
20 6.44 7.31 8.32 9.54 11.03 12.93
25 6.35 7.19 8.18 9.37 10.83 12.70
30 6.22 7.04 7.99 9.14 10.56 12.37
35 0 7.42 8.58 9.97 11.68 13.86 16.77
5 7.38 8.52 9.90 11.60 13.77 16.68
10 7.32 8.46 9.82 11.51 13.68 16.58
15 7.26 8.38 9.73 11.41 13 .56 16.44
20 7.19 8.29 9.63 11.29 13.42 16.29
25 7.10 8.18 9.49 11.13 13.23 16.07
30 6.99 8.04 9.33 10.93 12.99 15.78 '
35 6.84 7.86 9.10 10.64 12.64 15.34
40 0 8.29 9.77 11.61 13.97 17.15 21. 72
5 8.24 9.71 11.54 13.89 17 .07 21.63
10 8.19 9.65 11.46 13.81 16.97 21.53
15 8.13 9.57 11.38 13.71 16.86 21.40
20 8.06 9.49 11.27 13.59 16.72 21.25,
25 7.98 9.38 11.15 13.44 16.55 21.05
30 7.87 9.25 10.99 13.25 16.33 20.78
35 7.74 9.09 10.78 13.00 16.02 20.39
40 7.56 8.86 10.50 12.64 15.55 19.77
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TABLE 2: Continued
FRICTION SLOPE SLOPE ANGLE f3 IN DEGREESANGLE Al'{;LE
qJ a 60 55 50 45 40 35
in degrees in degrees
0 0 5.25 5.46 5.52 5.53 5.53 5.53
5 0 6.16 6.53 6.92 7.14 7.84 8.41
5 6.03 6.38 6.76 7.35 7.64 8.19
10 0 7.26 7.84 8.51 9.31 10.30 11.61
5 7.14 7.72 8.38 9.16 10.13 11.42
10 6.99 7.54 8.18 8.93 9.87 11.11
15 0 8.63 9.54 10.64 12.05 13.97 16.83
5 .8.52 9.42 10.51 11.91 13 .82 16.65
10 8.38 9.26 10.34 11.72 13.59 16.38
15 8.19 9.04 10.09 11.42 13.23 15.92
20 0 10.39 11.80 13.63 16.16 19.99 26.66
5 10.28 11.69 13.51 16.03 19.85 26.48
10 10.16 11.54 13.35 15.85 19.64 26.23
15 9.98 11.35 13.12 15.58· 19.32 25.82
20 9.74 11.07 12.79 15.17 18.77 25.01
25 0 12.74 14.97 18.10 22.90 31.33 50.06
5 12.64 14.86 17.98 22.77 31.19 49.89
10 12.52 14.73 17.83 22.60 30.99 49.63.
15 12.36 14.55 17.62 22.35 30.69 49.23
20 12.14 14.30 17.33 21.98 30.20 48.50
25 11.84 13.92 16.85 21.35 29.24 46.76
30 0 16.04 19.71 25.41 35.54 58.27 144.20
5 15.94 19.61 25.29 35.41 58.13 144.01
10 15.82 19.48 25.15 35.25 57.92 143.74
15 15.67 19.31 24.96 35.01 57.63 143.31
20 15.47 19.08 24.68 34.67 57.16 142.54
25 15.20 18.74 24.27 34.11 56.30 140.54
30 14.78 18.22 23.54 33.01 54.25 134.52
35 0 20.94 27.45 39.11 65.52 166.38
5 20.84 27.34 39.00 65.39 166.22
10 20.73 27.22 38.85 65.22 166.00
15 20.58 27.05 38.66 64.70 165.72
20 20.40 26.84 38.40 64.65 165.19
25 20.14 26.53 38.02 64.12 164.30
30 19.78 26.07 37.38 63.14 162.33
35 19.21 25.27 36.15 60.80 154.98
40 0 28.91 41.89 71.49 185.49
5 28.82 41. 78 71.37 185.35
10 28.71 51.66 71.23 185.17
15 28.57 41.51 71.04 184.93
20 28.39 41.29 70.78 184.57
.25 28.15 41.00 70.41 184.04
30 27.82 40.58 69.81 183.01
35 27.32 39.88 68.73 180.81
40 26.45 38.53 66.12 172 .51
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TABLE 2: Continued
FRICTION SLOPE SLOPE ANGLE IN DEGREESANGLE ANGLE 13
cp ex 30 25 20 15
in degrees in degrees
0 0 5.53 5.53 5.53 .5.53
5 0 9.13 10.02 11.46 14.38
5 8.83 9.65 10.99 13.71
10 0 13 .50 16.64 23.14 45.49
5 13 .28 16.37 22.79 44.95
10 12.89 15.84 21.96 42.90
15 0 21.69 32.ll 69.40
5 21.48 31.85 69.05
10 21.14 31.38 68.26
15 20.49 30.25 65.17
20 0 41.22 94.63
5 41.02 94.38
10 40.69 93.78
15 40.09 92.90
20 38.64 88.63
25 0 ll9.93
5 ll9.70
10 119.35
15 ll8.79
20 117.43
25 ll2.07
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